ABSTRACT Group consensus is investigated for a class of discrete-time heterogeneous multi-agent systems which are composed of first-order and second-order agents with communication and input time delays in this paper. Based on the cooperative-competitive relationship between the agents in the system, a novel weighted group consensus protocol is proposed. Some sufficient conditions are given to guarantee the success of group consensus in some special situations by using z-transformation, matrix analysis and algebraic graph theory. The upper bound of time delays can be reckoned by utilizing Gershgorin disk theorem and generalized Nyquist's criterion. The results show that group consensus has no relationship with communication time delay. Only if the input time delay, the coupling weight between the agents, and the system's control parameters satisfy the given conditions, the multi-agent systems can realize group consensus. Some simulation results show that the proposed novel protocol can effectively promote the multi-agent systems to achieve weighted group consensus.
I. INTRODUCTION
In recent years, there has been an increasing interest in the study of consensus of multi-agent systems. Consensus not only has extensive application in robot formation control [1] , UAV formation control [2] and distributed sensor network [3] , but also has potential application value for collaborative decision-making and military affairs. An excellent consensus protocol can help the system to achieve consensus asymptotically and enhance the tolerance and robustness of the system. In the past decade, a lot of works have been done for designing consensus protocol. In [4] , Shi studied the robust proportional-integral-derivative (PID) consensus
The associate editor coordinating the review of this article and approving it for publication was Ailong Wu. control for a class of linear multi-agent systems (MASs) with external disturbances. In [5] , Ma investigated the consensus problem of multi-agent systems with parametric uncertainties under directed graph communication topologies containing a spanning tree. In [6] , Wen investigated the group consensus problem of heterogeneous multi-agent systems with fixed and switching topologies. In [7] , Li studied the output consensus problem for a class of non-linear networked multi-agent systems with switching topology and time-varying delays. It worth pointing out, group consensus, as an extend problem of consensus, refers that the different subgroups of a complex system can reach different consensus states, and there is no consensus among any two subgroups. So far, some results have been obtained for the group consensus for the multiagent systems, such as [6] , [8] - [12] . VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/
Note that most of all obtained results referred to competition or cooperation are based on bipartite network or the in-degree balance. In [13] , Meng proposed a multi-agent collaborative task assignment consensus algorithm based on cooperative mechanism. In [14] , Ma studied competition phenomena of multi-agent systems composed of three groups of agents. In [15] , Palomares proposed different consensus models and given some consensus algorithms. In [16] , Olfati proposed a theoretical framework for consensus algorithms analysis of multi-agent network systems, and he provided the convergence and performance analysis for the algorithms.
The above literatures [13] - [16] were based on cooperation or competition mechanism. However, due to the complexity of the actual system, a single cooperation or competition mechanism can not fully reflect the exchange of information between agents in the system. In fact, cooperation and competition strategies have been commonly used to achieve consensus in many multi-agent systems. Therefore, constructing suitable consensus strategy based on cooperationcompetition mechanism has become another hot area of multi-agent systems. In [17] , Pu designed a weighted couplegroup consensus protocol based on cooperation-competition interaction, which relaxed the in-degree balance condition. In [18] , Liu studied the consensus in networks of multiagents with cooperation and competition via stochastically switching topologies. In [19] , Hu investigated the swarming behavior of multiple Euler-Lagrange systems with cooperation-competition interactions, where the agents could cooperate or compete with each other under the uncertain parameters of the systems. In [20] , Wang investigated the dynamical behaviour of the competitive-competitivecooperative model with feedback controls and time delays.
It should be pointed that most of the researchers' works were based on homogeneous systems. However, in practical applications, due to various factors, the dynamic differences between agents and groups are inevitable. Hence, it is important for scholars to study the consensus of heterogeneous multi-agent systems [21] - [24] . In addition, the establishment of a consensus model is also crucial to achieve consensus among groups. In [25] , Wu proposed an optimization based consistency improvement process to deal with the inconsistencies in a given PHFPR(probability-hesitant fuzzy preference relations). In [26] , Wu developed a systematic optimization framework to address the individual consistency and group consensus issues that involved human judgment. In [27] , Raquel combined decision-making methods with opinions dynamically, and developed a social network based on similarity-confidence-consistency to enable agents to reach agreement. On the other hand, most of the existing results on multi-agent systems mainly focus on continuous systems, while the results on discrete-time multi-agent systems are relatively rare [8] , [28] , [29] .
Motivated by the above analysis, it needs to be further investigated for the group consensus of multi-agent systems. In this paper, we mainly discuss the weighted group consensus for a kind of discrete-time heterogeneous multi-agent systems in the cooperative-competitive network with time delays. The main contributions of this paper are as follows: Firstly, the weighted consensus of discrete-time heterogeneous multi-agent systems in the cooperative-competitive network with time delays is described in this paper, both the model and the weighted group consensus agreement are different from cooperative or competitive network. The model extends the scope of the existing research and it is quite different from the literatures [18] - [20] , [30] . Relying on the control of the new protocol, the information exchange between agents is more reasonable and the achievement of group consensus of the system can be speeded up. Secondly, different from literatures [21] - [24] , this paper mainly focus on the group consensus of discrete-time heterogeneous systems. Furthermore, the novel weighted group consensus protocol can enhance the tolerance and robustness of the system. In addition, we turn the weighted matrix into a dynamic form, which makes the designed controller more flexible. Thirdly, unlike these literatures [5] , [7] , [9] , [10] , [20] , [21] , both the communications time delay and input time delay are considered in this paper. By utilizing Gerschgorin disc theorem and generalized Nyquist's criterion, the upper bound of time delays can be estimated and the conclusions show that the group consensus conditions are not related to the communication time delay.
The remaining structure of this paper is organized as follows: In Section II, some basic definitions, lemmas and preliminary knowledge of graph theory are listed. In Section III, a novel weighted group consensus protocol based on cooperative-competitive relationship between agents is proposed for discrete-time heterogeneous multiagent systems with time delays. In Section IV, several simulation experiments are designed to verify the correctness of the theoretical results. Finally, conclusion is made for our work in Section V.
II. PREPARATORY KNOWLEDGE AND PROBLEM DESCRIPTION
Throughout this paper, R denotes the one-dimensional Euclidean space, and R n represents the n-dimensional real vector space. The identity matrix with N -dimension is represented as I N . The determinant and the i th eigenvalue of matrix are represented as det( ) and λ i ( ) respectively. S denotes complex numbers sets. The modulus and the real parts of ∀z ∈ S are represented as |z| and R(z) respectively.
In order to better describe our work, some basic definitions, lemmas and problems statements are firstly introduced.
A. GRAPH THEORY AND INTERCONNECTION TOPOLOGY
For a multi-agent systems with n agents, a weighted directed graph G = (V , E, A) can be defined to describe the information interaction between the agents, where V = {v 1 , v 2 , . . . , v n } represents the node set in the graph, and the edge set of the graph is represented by E = V × V . The adjacency matrix of the system can be set as A = (a ij ) n×n ∈ R n×n . Meanwhile, we describe the directed edge from node j to node i as e ij =< v i , v j >∈ E , which means that the node i can receive information from node j. a ij = 0 if e ij ∈ E, and a ii = 0 for all i ∈ {1, 2, . . . , n}.
Define
a ij represent the neighbor node set and the in-degree of node i respectively.
indicates the in-degree matrix, and the Laplacian matrix is
For a graph G = (V , E), if T is a sub-graph of G, and T is a tree which has exactly the same vertices as G, then T is called a spanning tree of graph G. A directed spanning tree T is a sub-graph of a directed graph G if and only if T is a root tree which has exactly the same vertices as G.
is a bipartite graph if it satisfies the following conditions:
1) The vertex V of graph G can be completely divided into two subsets [31] ): For a network with a directed spanning tree and bipartite topology, when
Lemma 2 (see [32] ): Assume a Laplacian matrix L ∈ R n×n , and z = [z 1 , z 2 , . . . , z n ]. Then the following conditions are equivalent:
. . , n}, every eigenvalue has a positive real part except the zero eigenvalue.
3) the system asymptotically achieve consensus if the systemż = −Lz is stable at the zero. 4) the directed graph represented by L contains one or more than one directed spanning tree. Lemma 3 (see [33] ): The inequality sin(((2D + 1)/2)ω)/ sin(ω/2) ≤ 2D + 1, ω ∈ [−π, π] holds for all nonnegative integers D.
B. DISCRETE-TIME HETEROGENEOUS MULTI-AGENT SYSTEMS
Considering a discrete-time heterogeneous multi-agent systems contains n + m agents, we assume the second-order agents are 1, . . . , n and the first-order agents are n + 1, . . . , n + m. Therefore, the dynamics of the systems can be described as follows:
where
The control input, position state, and velocity state of agent i are represented as
For heterogeneous multi-agent systems, due to the complexity of the network, each agent may have first-order and second-order neighbors, which can be described as N i,1 and N i,2 respectively, where 
Where
and
L and D respectively indicate the connections and degree between the first-order agents and the second-order agents. Then we can rewrite matrix D + A as:
Definition 2: The discrete-time heterogeneous multiagent systems (1) and (2) can achieve consensus if the following conditions are satisfied:
III. MAIN RESULTS
In this section, the weighted group consensus for discretetime heterogeneous multi-agent systems in the cooperativecompetitive network with time delays under the bipartite digraph will be investigated. The communication time delay from agent j to agent i is represented as τ ij , and τ denotes the input time delay. In order to achieve group consensus, many control protocols based on the agents' cooperative or competitive relationship have been proposed [13] - [16] . However, due to the complexity of the system, cooperative and competitive relationships may exist simultaneously between agents. Articles [21] - [24] considered the heterogeneous systems, while there are relatively few results on heterogeneous multiagent systems involved cooperative-competitive relationship. Inspired by their works, a class of weighted group consensus for discrete-time heterogeneous multi-agent systems in the cooperative-competitive network with time delays is proposed in this paper. The dynamic weights(α i , β i , γ i ) makes the information exchange between agents more flexible, and also improves the tolerance of the system. The system's dynamic equations are listed as follows:
Here, we divide the neighbors of the agent i into two subgroups, N si represents the neighbors with the same order with agent i and N di represents the neighbors with the different order with agent i. The control parameters of the system are represented as α i , β i , γ i > 0, and τ ij denotes the communication time delay from the agent j to agent i, τ denotes the input time delay. Assume a ij > 0, then the discretetime heterogeneous multi-agent systems (1) and (2) under the protocols (3) and (4) can be rewritten as:
Remark 1: According to the protocols (5) and (6), when the agent i and agent j have the same order, we adopt a cooperative approach. When the agent i and agent j have different order, we adopt a competitive approach. By using cooperative-competitive approach, we ensure that heterogeneous multi-agent systems can achieve group consensus.
Remark 2: The new controller proposed in this paper has weighted coefficients α i , β i , γ i . By adjusting the weighted coefficients of the controller, the agents in the system can globally converge to any given weighted state. At the same time, the group consensus of the system can also be speeded up.
Theorem 1: Weighted group consensus for discrete-time heterogeneous multi-agent systems (5) and (6) 
Proof: Do z-transformation at the both sides of (5) and (6) . Define x i (0) = 0, we can get:
where x i (z) represents x i (k) and v i (z) represents v i (k) after z-transformation. Rewriting (7) to vector form, then let:
Hence, we can rewrite matrixL as:
Then we can get:
and x(z) = (x 22 (z), x 11 (z)) T , then we can rewrite (8) as:
where (10), as shown at the top of this page. The characteristic equation of system (9) is:
According to Lyapunov stability theory, we know that the group consensus of the multi-agent systems can be realized if the roots of (11) are either at z = 1 or in the unit circle of the complex plane.
When
. Based on Lemma 1, we can get that one of the simple eigenvalue ofL is zero. Therefore z = 1 is the root of (11).
, then we can get (12) , as shown at the top of this page, where z = e jw .
According to the general Nyquist criteria, if the point (−1, j 0 ) is not enclosed by the Nyquist curve of G(e jw ), then the roots of (11) can be located in the unit circle of the complex plane.
Meanwhile, based on Gerschgorin circle theorem, we can describe the area that contains all the eigenvalues of the matrix as: λ(G(e jω )) ∈ {G i , i ∈ σ 1 } ∪ {G i , i ∈ σ 2 }. Then we discuss the two cases of the second-order (i ∈ σ 1 ) and the first-order (i ∈ σ 2 ) nodes respectively.
When i ∈ σ 1 , we identify the circles as:
Y i (ω) represents the center of the disc G i . Presume the first cross of the curve Y i (ω) on the real axis locates at ω i0 , according to (14) , we can obtain the following equation:
As long as the point (−p, j 0 ), p ≥ 1 is not be enclosed in G i , i ∈ σ 1 , we can get:
According to Euler's formula and from (16), we have:
After simplification, we get:
When p > 1, the inequation (17) holds if the following two inequalities are satisfied:
For β i > 0, we can get: (20) can be established if the following two inequalities hold:
We can know that cos ω i0 (1+τ ) ≤ 1, based on the inequation (21), we have β i 2 /(β i + 2) > α i d i , and then we can get τ < 1/2β i − 1/2 according to the inequation (22) and Lemma 3.
When τ > 0, we get:
When i ∈ σ 2 , we can obtain the following inequality:
Simplify the above inequation, we get:
then we can get the following inequation from (26)
Theorem 1 is proved by combining all the previous analysis.
In Theorem 1, we investigated the different communication time delays with identical input time delays, and then we will analyze the case with different communication and input time delays.
Inspired by (5) and (6), we define the systems as follows:
We divide the neighbors of the agent i into two subgroups, N si represents the neighbors with the same order with agent i and N di represents the neighbors with the different order with agent i. The control parameters of the system are represented as α i , β i , γ i > 0 and τ ij denotes the communication time delay from the agent j to agent i, τ i denotes the input time delay of agent i.
Corollary 1: Weighted group consensus for discrete-time heterogeneous multi-agent systems (28) and (29) under a bipartite graph topology with a spanning tree can be realized if the following conditions are satisfied:
1) There exists a real number ω i0 ≥ 0 satisfying the equa-
Based on Lemmas 1 and 3, the proof of Corollary 1 is similar to Theorem 1, we omit it here.
Remark 3:
As shown in the proof process, we can get equation (15) according to equation (14) and Gerschgorin circle theorem. In addition, based on the Euler's formula and inequality (16), we can obtain the necessary condition for establishing inequality (17) , namely inequality (18) . Combining the above conditions, we can get the condition 1 in Theorem 1. The condition 1 in the Corollary 1 can be obtained by the similar method.
Remark 4: From Theorem 1 and Corollary 1, we can know that the control parameters (α i , β i , γ i ) are key factors for the multi-agent systems achieving weighted group consensus. The control costs can be reduced and the system's tolerance can be enhanced if we have a better control at the information interactions between agents. Meanwhile, the communication time delay τ ij has no fundamental impact on weighted group consensus of the multi-agent systems.
Remark 5: From Corollary 1, we can know that each node has different tolerances for input time delay, which depends on the control parameters (α i , β i , γ i ) of the system. The group consensus of the system is affected by the input time delays of the agents.
Remark 6: In order to achieve weighted group consensus of discrete-time heterogeneous multi-agent systems, many control protocols based on cooperation or competition relationship between agents have been proposed, while the protocols based on competition-cooperative relationship are relatively rare. At the same time, the parameter setting of the system under the novel protocol is strict, and the weights between different agents also affect the group consensus of the system. The system can achieve group consensus if the above problems can be effectively handled.
IV. SIMULATION
In this section, we will verify the correctness of the weighted group consensus for discrete-time heterogeneous multi-agent systems in the cooperative-competitive network with time delays. Figure 1 shows a heterogeneous system under the bipartite digraph topology which has a spanning tree. We divide all the agents in the system into two subgroups(G 1 and G 2 ), agents 1, 2, and 3 belong to G 1 , while the other agents in the system belong to G 2 . In addition, we assume that agents 1, 3, 5 and 6 are first-order, and agents 2, 4, 7 are second-order.
For simplicity, we assume each edge in the bipartite digraph as a ij = 1, i, j ∈ {1, 2, 3, 4, 5, 6, 7}. Then we can get the in-degree of each agents: 
Based on the above input time delays interval, we verify the impacts of the weighted group consensus for discretetime heterogeneous multi-agent systems in the cooperativecompetitive network with time delays. The results are shown as follows: parameters α i , β i and γ i satisfy the Corollary 1, then the upper bound of input time delay τ i can be computed, and the system can finally achieve weighted group consensus. Remark 9: According to the above results analysis, the weighted group consensus of the system with the same communication time delays and different input time delays is discussed. At the same time, under the condition that the input time delays satisfy Corollary 1, the influence of different communication time delays on the weighted group consensus of the system is discussed. In short, the novel control protocol proposed in this paper can effectively promote the system converge to weighted group consensus state.
V. CONCLUSION
Under the directed bipartite graph topology, the weighted group consensus for discrete-time heterogeneous multiagent systems in cooperative-competitive network with time delays is studied. For the multi-agent systems composed of first-order and second-order agents, a novel weighted group consensus protocol based on cooperative-competitive relationship between agents is designed to promote the multi-agent systems to achieve weighted group consensus. Considering the time delays in the system, Gerschgorin disc theorem and general Nyquist criteria are used to determine the upper bound of the input time delays. Through theoretical analysis and simulation verification, the effect of the novel weighted group consensus protocol for discrete-time heterogeneous multi-agent systems in the cooperative-competitive network with time delays is verified. Our future work will extend to more complex group consensus issues for heterogeneous multi-agent systems. For example, we will consider group consensus under fixed or switching topology. LONGLONG ZHAO is currently pursuing the degree with the School of Computer Science and Technology, Chongqing University of Posts and Telecommunications, Chongqing, China. His current research interests include multi-agent systems in intelligence science, intelligent information processing, and intelligent algorithms.
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